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Abstract
We propose a method for constructing the Lax connection of two-
dimensional relativistic integrable sigma models on coset spaces by
means of exponentiation of a suitable operator. We derive a simple
quadratic relation that this operator must satisfy for an entire one-
parameter family of connections to be flat.
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1 Introduction
Symmetries in physical models lead to conservation laws which make the investigation
of the model somewhat more tractable. Integrable models have a maximum amount of
conservation laws which can be viewed to arise from a large or even infinite number of
hidden symmetries. The dynamics of these models is largely or completely determined by
the symmetries.
The integrable structure of many integrable models of mechanics can be formulated
in terms of a Lax pair [1], a pair of matrices L(t),M(t) depending on the phase space of
the mechanical system, such that the equations of motion can be written as
dL
dt
= [M,L]. (1.1)
The equation guarantees that the eigenvalues of L(t) are conserved quantities. For suf-
ficiently big matrices, it implies integrability of a model with finitely many degrees of
freedom.
For two-dimensional models a conventional Lax pair is not sufficient: Firstly, one has
to accommodate for the additional spatial coordinate x. Secondly, an integrable field
theory model requires infinitely many conservation laws. The Lax pair formalism can be
extended to a Lax connection A(λ) on the two-dimensional spacetime. It must obey the
flatness condition
dA(λ) + A(λ) ∧ A(λ) = 0 (1.2)
for all values of the spectral parameter λ. It can be connected to the above Lax pair by
identifying L with the monodromy matrix and M with the time-component of A 1
L(t, λ) = P exp
∫
dxAx, M(t, λ) = At(x0, t, λ). (1.3)
Now we have a Lax pair for every value of the spectral parameter λ, and effectively there
are infinitely many conserved quantities. One may also view λ as a substitute for the
spacial dependence of the fields in the Lax pair. Ultimately, the Lax connection can be
used in a variety of ways to construct and investigate solutions of the equations of motion.
Integrability is a hidden symmetry enhancement, and as such, it is not straight-forward
to detect. Given some two-dimensional field theory model, how to determine integrability?
A standard method is to make a sufficiently general ansatz for the Lax connection in terms
of the fields, and then determine the coefficients such that the flatness condition is satisfied.
What makes life difficult is that the flatness condition is non-linear. Furthermore, a single
non-trivial solution will not suffice, integrability requires a one-parameter family of flat
connections A(λ). The existence of such a solution may appear like magic, but after all
this magic is integrability. With some experience and inspiration one can usually find the
Lax connection for a given model, but this is more or less trial and error.
In this paper we propose a very direct construction of the Lax connection in terms of
an operator Σ
A(λ) = exp(λΣ)J. (1.4)
Here, J is the Maurer–Cartan form of a particular class of two-dimensional relativistic
sigma models on a group manifold or cosets thereof. The operator turns out to be im-
mediately connected to the equations of motion and to the action. We will also derive
1Strictly speaking this identification requires periodic boundary conditions for x.
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a necessary and sufficient condition for integrability. Altogether this condition can be
used as a direct integrability test. It certainly does not apply to all two-dimensional field
theory models, not even to all such sigma models. However, a positive result of the test
not only proves integrability, but also provides the Lax connection at the same time. We
will outline our construction, investigate the properties it requires, and apply the method
to a couple of interesting sigma models.
The paper is organised as follows: We start in Sec. 2 by introducing two-dimensional
sigma models formulated in terms of Maurer–Cartan forms. For a couple of well-known
integrable models, we state the action, equations of motion and the Lax connection. In the
following Sec. 3 we sketch our novel construction of the Lax connection by exponentiation
in these models. We then investigate our proposal for quite a general class of sigma
models in Sec. 4. In particular, we derive a condition for the underlying operator of the
construction which is necessary and sufficient for integrability. We return to our sample
models and a few other relevant integrable sigma models in Sec. 5. Finally in Sec. 6, we
discuss an alternative interpretation of our construction as a shift operator. We conclude
in Sec. 7 and give an outlook.
2 Sigma Models on Coset Spaces
In this paper we will mainly be concerned with two-dimensional relativistic non-linear
sigma models with a group manifold G or a coset space G/H of Lie groups G,H as
target space. Let us briefly review their formulations in terms of Maurer–Cartan forms,
integrability in terms of a Lax connection as well as a few examples.
General Framework. The sigma model is based on the group-valued field g(x) ∈ G.
For coset models the field should be viewed modulo the equivalence relation g ' gh with
h(x) ∈ H. We will work with the associated Maurer–Cartan one-form J = g−1dg taking
values in the Lie algebra g corresponding to G. The equivalence relation transforms J as
J ' J ′ = h−1(d+ J)h. (2.1)
Bearing in mind that J obeys the Maurer–Cartan equation
dJ + J ∧ J = 0, (2.2)
the form field J offers an equivalent description of the model up to global transformations
g(x) 7→ g0g(x) with g0 ∈ G and up to potential topological issues. Furthermore, there will
be an action and a derived set of equations of motion which determine the dynamics of the
sigma model. The latter is considered integrable if there exists a non-trivial one-parameter
family of g-connections A(λ), λ ∈ C, which obeys the on-shell flatness condition
dA(λ) + A(λ) ∧ A(λ) = 0 for all λ ∈ C. (2.3)
Alternatively, the flatness condition can be viewed to encode the above Maurer–Cartan
equations (conventionally at λ = 0) and the equations of motion (conventionally atO(λ1)).
Many relevant cosets are specified by an automorphism ZN of G whose fix points define
the subgroup H. In these cases it is convenient to split up J according to the ZN -grading
J =
N−1∑
k=0
J(k). (2.4)
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Consequently, the Maurer–Cartan equations split up according to the ZN -grading
dJ(k) +
N−1∑
j=0
J(j) ∧ J(k−j) = 0 (2.5)
for all k = 0, . . . , N − 1. Under the equivalence relation (2.1) J(0) transforms as a h-
connection whereas the other J(k) transform by conjugation by h. Hence, physical quan-
tities such as the equations of motion and the Lagrangian are constructed from the J(k 6=0)
and the covariant derivative d+ J(0).
Symmetric Space Sigma Model. The simplest case is a symmetric space, i.e. a coset
with Z2-grading. Here the action must be proportional to
∫
tr J(1) ∧ ∗J(1). The resulting
equations of motion along with the Maurer–Cartan equations (2.5) read
0 = dJ(0) + J(0) ∧ J(0) + J(1) ∧ J(1),
0 = dJ(1) + J(0) ∧ J(1) + J(1) ∧ J(0),
0 = d∗J(1) + J(0) ∧ ∗J(1) + ∗J(1) ∧ J(0). (2.6)
Coset models on symmetric spaces are integrable [2]. Integrability can be expressed by
means of the Lax connection
A(λ) = J(0) +
1
2
(e−λ + eλ)J(1) + 12(e
−λ − eλ)∗J(1), (2.7)
whose flatness condition (2.3) summarises all of the above equations (2.6). Note that the
Lax connection is uniquely specified only up to reparametrisations of λ → f(λ). Two
commonly used alternative parametrisations are defined by eλ = z = (x+ 1)/(x− 1).
Z3-Coset Model. A less studied yet interesting case is a Z3-coset. Now there are two
invariant terms for the action
∫
tr J(1) ∧∗J(2) and
∫
tr J(1) ∧ J(2). For a plain sigma model
any combination of the two is fine, but for an integrable one they must come with a
relative coefficient of 3 for the first term [3].2 The corresponding equations of motion read
0 = d∗J(1) + J(0) ∧ ∗J(1) + ∗J(1) ∧ J(0) + J(2) ∧ J(2),
0 = d∗J(2) + J(0) ∧ ∗J(2) + ∗J(2) ∧ J(0) − J(1) ∧ J(1). (2.8)
Together with the Maurer–Cartan equations (2.5) they are summarised in the flatness
(2.3) of the Lax connection [3]
A(λ) = J(0) +
1
2
(e−λ + e2λ)J(1) + 12(e
−λ − e2λ)∗J(1)
+ 1
2
(e−2λ + eλ)J(2) + 12(e
−2λ − eλ)∗J(2). (2.9)
In fact, there is a generalisation to ZN -cosets which we shall discuss further below.
2An opposite relative sign leads to an equivalent integrable model. For definiteness we will restrict
our analysis to one choice.
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Z4 Symmetric Superspace Model. The generalisation of symmetric spaces to su-
permanifolds extends the Z2-grading to a Z4-grading [4]. Such models, particularly IIB
superstrings on AdS5×S5 [5], are central to the study of integrable structures within the
AdS/CFT correspondence, see [6] for reviews. Here the Maurer–Cartan form splits into
components J(0), J(2) of bosonic statistics and components J(1), J(3) of fermionic statistics.
The Z2 statistic group is thus a subgroup of the Z4 automorphism group. There are
several conceivable terms for the action, but in these models the action is composed from∫
str J(2) ∧ ∗J(2) and
∫
str J(1) ∧ J(3). Integrability as well as other desirable properties
imply a relative coefficient of −1 between the terms [7]. The resulting equations of motion
read3
0 = J(3) ∧ ∗J(2) + ∗J(2) ∧ J(3) − J(3) ∧ J(2) − J(2) ∧ J(3),
0 = d∗J(2) + J(0) ∧ ∗J(2) + ∗J(2) ∧ J(0) + J(1) ∧ J(1) − J(3) ∧ J(3),
0 = J(1) ∧ ∗J(2) + ∗J(2) ∧ J(1) + J(1) ∧ J(2) + J(2) ∧ J(1). (2.10)
Again they are implied by the flatness of the following Lax connection
A(λ) = J(0) + e
−λJ(1) + 12(e
−2λ + e2λ)J(2) + 12(e
−2λ − e2λ)∗J(2) + eλJ(3). (2.11)
3 Exponential Map
The standard method to construct a Lax connection A for models with some decomposi-
tion of the Maurer–Cartan form is to make a general ansatz for A as a linear combination
of the J(k) and their duals ∗J(k). The flatness condition dA + A ∧ A = 0 has the trivial
solution A = J due to the Maurer–Cartan equation (2.2). When the model is integrable,
this solution should extend to a one-parameter family A(λ). As mentioned above the
overall parametrisation is arbitrary.
We have chosen a parametrisation where the coefficients in A(λ) are Laurent polyno-
mials in eλ. The fact that this is possible is somewhat curious. It points to the possibility
that the construction of the Lax connection involves some sort of exponential map. More
concretely, we observe that the above Lax connections can be constructed as
A(λ) = exp(λΣ) ◦ J, (3.1)
where Σ is a linear operator on the space g ⊕ g spanned by the one-form fields J and
their duals ∗J viewed as elements of the Lie algebra g.
For sigma models on symmetric spaces the operator Σ is defined as
Σ(J(0)) = 0, Σ(J(1)) = −∗J(1), Σ(∗J(1)) = −J(1). (3.2)
The action on ∗J(0) is not needed, one might define Σ(∗J(0)) = 0. Let us compute A(λ)
from the formula (3.1) where we Taylor expand the exponential. The action of Σn reads
Σ0(J) = J(0) + J(1), Σ
2n(J) = J(1), Σ
2n+1(J) = −∗J(1). (3.3)
3We should point out that here and elsewhere the ∗-dualisation involves the metric of 2D spacetime.
For models with a non-constant metric the derivative acts non-trivially on ∗ itself. Gladly, the equations
of motion are typically of the form d ∗ J = . . . with this effect implied. Moreover, in gravity or string
theory models, a dynamical metric gives rise to additional constraints not contained in the usual sigma
model equations of motion. These do not affect integrability.
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This obviously yields A(λ) = J(0) + cosh(λ) J(1) − sinh(λ) ∗J(1), which matches precisely
with (2.7).
For the Z3-coset we define the operator
Σ(J(0)) = 0, Σ(J(1)) =
3
2
∗J(1) + 12J(1), Σ(J(2)) = 32∗J(2) − 12J(2),
Σ(∗J(0)) = 0, Σ(∗J(1)) = 32J(1) + 12∗J(1), Σ(∗J(2)) = 32J(2) − 12∗J(2). (3.4)
Again it generates A(λ) in (2.9) via the exponential map (3.1). This is most conveniently
seen by splitting up the Maurer–Cartan form into chiral components
J = 1
2
(J(2) − ∗J(2)) + 12(J(1) − ∗J(1)) + J(0) + 12(J(2) + ∗J(2)) + 12(J(1) + ∗J(1)). (3.5)
Note that Σ acts on these vectors by multiplication by −2,−1, 0,+1,+2, respectively.
Consequently, one finds these numbers as exponents in (2.9).
Finally, the operator that generates the Lax connection (2.11) for the Z4-graded sym-
metric superspace model reads
Σ(J(0)) = 0, Σ(J(1)) = −J(1), Σ(J(2)) = −2 ∗J(2),
Σ(J(3)) = +J(3), Σ(∗J(2)) = −2 J(2). (3.6)
4 General Sigma Models
Above we have seen that for several classes of integrable coset space sigma models we can
construct the Lax connection by exponentiating a simple operator Σ acting globally on
the Maurer–Cartan forms. It is conceivable that this procedure can be generalised to a
wider class of models.
Here we turn the logic of the previous section around, and start with an operator Σ.
We will investigate which properties Σ has to satisfy such that the family of connections
A(λ) constructed via exponentiation of Σ (3.1) becomes flat.
The model will be a generic non-linear sigma model in the framework presented above.
We will not make assumptions on the action nor the equations of motion. In fact, these
will follow from the flatness of A(λ). This will provide us with simple means to construct
integrable sigma models and associated Lax connections in terms of the operator Σ.
Setup. In the above examples we have seen that the operator Σ commutes with duali-
sation ∗. In other words, it preserves chirality. In the following we shall assume that this
holds for more generic models. Let us therefore define the chiral components J± of the
Maurer–Cartan J form as
J± := 1
2
(J ± ∗J), J = J+ + J−. (4.1)
Likewise we split up the action of the operator Σ into two maps Σ± acting only on a
single copy of the Lie algebra g, but not on the form algebra
Σ(J±) = Σ±(J±), Σ± : g→ g. (4.2)
The resulting candidate Lax connection takes the form
A(λ) = eλΣ
+
(J+) + eλΣ
−
(J−), (4.3)
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and the associated flatness condition reads
eλΣ
+
(dJ+) + eλΣ
−
(dJ−) + [eλΣ
+
(J+), eλΣ
−
(J−)] = 0. (4.4)
For convenience, we have defined the Lie bracket [·, ·] for g-valued one-forms X, Y as
[X, Y ] := X ∧ Y + Y ∧X. (4.5)
Derivatives. We now expand the flatness condition to see what constraints must be
imposed on the maps Σ± and on the fields J±. From the leading order we merely obtain
the Maurer–Cartan equation
dJ+ + dJ− + [J+, J−] = 0. (4.6)
The first order yields an equation
Σ+(dJ+) +Σ−(dJ−) + [Σ+(J+), J−] + [J+, Σ−(J−)] = 0 (4.7)
which we can interpret as the equation of motion for the model. Now the above two
equations allow to solve for the derivative terms
dJ± = ±(Σ+ −Σ−)−1(Σ∓([J+, J−])− [Σ+(J+), J−]− [J+, Σ−(J−)]). (4.8)
Note that in principle this solution requires the map Σ+ − Σ− to be invertible. This is
in fact not the case for coset models. For the time being this need not worry us, and we
will discuss the implications further below.
Integrability. We can now return to the flatness condition and substitute the solution
0 = eλΣ
+
(Σ+ −Σ−)−1Σ−([J+, J−])− eλΣ−(Σ+ −Σ−)−1Σ+([J+, J−])
− (eλΣ+ − eλΣ−)(Σ+ −Σ−)−1([Σ+(J+), J−] + [J+, Σ−(J−)])
+ [eλΣ
+
(J+), eλΣ
−
(J−)]. (4.9)
This expression is convenient for considering integrability because all the derivative terms
have disappeared. Hence it is a plain algebraic equation for the maps Σ± which must hold
irrespectively of the dynamics of the model. To improve the handling of the equation,
let us introduce a short hand notation. We observe that all maps eventually act on the
term [J+, J−] or its components. We introduce an index 0, 1, 2 for Σ± to specify which of
the components it acts on: 1 for J+, 2 for J− and 0 for the overall Lie bracket [·, ·]. The
flatness condition reduces to
0 =
[
eλΣ
+
0 (Σ+0 −Σ−0 )−1Σ−0 − eλΣ
−
0 (Σ+0 −Σ−0 )−1Σ+0
− (eλΣ+0 − eλΣ−0 )(Σ+0 −Σ−0 )−1(Σ+1 +Σ−2 ) + eλΣ
+
1 +λΣ
−
2
](
[J+, J−]
)
. (4.10)
Quite curiously this equation has two solutions which hold for all values of λ: namelyΣ±0 =
Σ+1 + Σ
−
2 , i.e. when the operator Σ
±
0 acts in precisely the same way as the combination
Σ+1 +Σ
−
2 on [J
+, J−]. This is straightforwardly seen by substituting Σ±0 for Σ
+
1 +Σ
−
2 . It
implies that the flatness equation can be written in either of the two forms
Ξ±(λ)(Σ±0 −Σ+1 −Σ−2 )
(
[J+, J−]
)
= 0 (4.11)
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for some operators Ξ±(λ). Now we would like to combine the two expressions into some-
thing of the sort
Ξ(λ)(Σ+0 −Σ+1 −Σ−2 )(Σ−0 −Σ+1 −Σ−2 )
(
[J+, J−]
)
= 0. (4.12)
This would require that the maps Σ+ and Σ− commute. Commutativity indeed holds
in the examples discussed above, but we can even deal with the more general case of
[Σ+, Σ−] 6= 0. The flatness condition can then be written in two forms4
Ξ(λ)
(
(Σ+0 −Σ−0 )Σ∓0 (Σ+0 −Σ−0 )−1 −Σ+1 −Σ−2
)(
Σ±0 −Σ+1 −Σ−2
)(
[J+, J−]
)
= 0, (4.13)
The two forms are indeed equivalent as can be shown with some elementary algebraic
manipulations. It means that the flatness condition can be solved for all values of λ when
the following equation holds(
(Σ+0 −Σ−0 )Σ∓0 (Σ+0 −Σ−0 )−1 −Σ+1 −Σ−2
)(
Σ±0 −Σ+1 −Σ−2
)(
[J+, J−]
)
= 0. (4.14)
It is actually also a necessary condition for any λ-independent solution because the equa-
tion coincides with the O(λ2) contribution to the flatness condition. In other words, a
connection A(λ) of the form (4.3) that is flat up to terms of order O(λ3) is actually exactly
flat for all λ.
Constraints. Now let us return to the case when the map Σ+ − Σ− is not invertible.
It implies that there exists some non-trivial map Π : g→ g such that
Π(Σ+ −Σ−) = 0 (4.15)
We can apply this to the equation of motion (4.7) where we make use of the Maurer–
Cartan equations (4.6)
Π0(Σ
±
0 −Σ+1 −Σ−2 )([J+, J−]) = 0 (4.16)
Here the map Π has removed all derivative terms, and what remains is a constraint
equation of motion for any choice of Π satisfying (4.15). These constraints ensure that
the inverse of (Σ+ − Σ−) is well-defined in the solution (4.8) for dJ±. In the flatness
condition we must allow for appearance of the constraints(
(Σ+0 −Σ−0 )Σ∓0 (Σ+0 −Σ−0 )−1 −Σ+1 −Σ−2 +Π0
)(
Σ±0 −Σ+1 −Σ−2
)
([T1,T2]) = 0. (4.17)
For a suitable choice of Π satisfying (4.15) this equation must now hold irrespectively
of the field configuration J±. We have therefore replaced J± by two generators T1,T2
of the Lie algebra g. Note that the role of Π in (4.17) is twofold: On the one hand, it
parametrises the ambiguity in defining the inverse of (Σ+ − Σ−). On the other hand, it
removes terms which vanish by virtue of the constraints. The purely algebraic equation
for Σ± guarantees flatness of the family of connections A(λ) defined in (4.3).
Let us finally write out equation (4.17) more explicitly: The Lax connection (4.3) is
flat if for some choice of Π satisfying (4.15) the following condition holds for all T1,T2 ∈ g
0 =
(
(Σ+ −Σ−)Σ∓(Σ+ −Σ−)−1 +Π)Σ±[T1,T2]
− ((Σ+ −Σ−)Σ∓(Σ+ −Σ−)−1 +Π +Σ±)([Σ+T1,T2] + [T1, Σ−T2])
+ [Σ+Σ+T1,T2] + 2[Σ
+T1, Σ
−T2] + [T1, Σ−Σ−T2]. (4.18)
4This form can also be derived by expanding the exponential form of the flatness condition order by
order in λ, but the derivation is rather tedious.
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Action. A map Σ± satisfying (4.17) not only defines a Lax connection, but also the
Maurer–Cartan equations (4.6) and the equations of motion (4.7). While the Maurer–
Cartan equations are basic ingredients of the sigma model, not all conceivable equations
of motion can be generated from an action. For a sigma model action with Wess–Zumino
term we can assume the general form
S = 1
2
∫
tr J ∧ Σ¯(J) + 1
2
∫
tr J ∧ Σ¯∗(∗J)− α
3
∫
3
tr J ∧ J ∧ J, (4.19)
where Σ¯ and Σ¯∗ are two linear maps on the Lie algebra. Note that we can assume that
Σ¯ is antisymmetric w.r.t. the Cartan–Killing form tr TaTb, while Σ¯∗ is symmetric
Σ¯T = −Σ¯, Σ¯T∗ = Σ¯∗. (4.20)
The resulting equations of motion read
Σ¯(dJ) + Σ¯∗(d∗J) + [J, Σ¯(J)] + [J, Σ¯∗(∗J)] + 12α[J, J ] = 0. (4.21)
Converted to the chiral components J± it takes precisely the form in (4.7) with (note that
the overall scale of the operator Σ± does not matter)
Σ± = Σ¯ ± Σ¯∗ + α. (4.22)
In particular this implies that Σ± are related by transposition up to a constant defining
the Wess–Zumino term
(Σ+)T = −Σ− + 2α. (4.23)
Curiously the map Σ± therefore defines immediately the action of a sigma model.
5 Applications
In the following we apply the above results to specific coset space sigma models.
ZN -Coset Model. Integrable sigma models on ZN -coset spaces were investigated in [3].
They generalise the coset space models with Z2 and Z3 symmetry discussed above. The
general form of the action was found to be
S =
1
2
N∑
k=1
∫
tr J(k) ∧ ∗J(N−k) + 1
2
N∑
k=1
∫
tr
(
1− 2k
N
)
J(k) ∧ J(N−k). (5.1)
It is convenient to cast the action into a chiral form
S = −
N∑
k=1
2k
N
∫
tr J+(k) ∧ J−(N−k). (5.2)
The resulting equations of motion in a chiral form read
dJ(0) +
N−1∑
j=0
[J+(k), J
−
(N−k)] = dJ
+
(k) +
N−1∑
j=k
[J+(j), J
−
(N−j+k)] = dJ
−
(k) +
k∑
j=1
[J+(k−j), J
−
(j)] = 0. (5.3)
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By means of (4.22) we can read off the maps Σ± from the action
Σ+(T(k)) = −kT(k), for k = 0, . . . , N − 1,
Σ−(T(k)) = (N − k) T(k), for k = 1, . . . , N. (5.4)
Note that maps Σ± are related by minus transposition in agreement with to (4.23). This
translates to the relation Σ+(N−k) = −Σ−(k) for the eigenvalues. Let us now consider the
integrability condition (4.17). First of all, Σ+ commutes with Σ−. Furthermore the
combination Σ+−Σ− is invertible except on g(0). This means there is exists a non-trivial
Π satisfying (4.15), but conveniently it solves (4.16) independently of the field J ; hence
there are no constraints. The integrability condition simplifies to(
Σ+0 −Σ+1 −Σ−2
)(
Σ−0 −Σ+1 −Σ−2
)
([T(j),T(k)]) = 0. (5.5)
Here we set j = 0, . . . N − 1 and k = 1, . . . , N such that we can substitute the map’s
eigenvalues(−(j + k−Nδj+k≥N) + j − (N − k))(N − (j + k−Nδj+k>N) + j − (N − k)) = 0. (5.6)
Note that for the eigenvalues of Σ±0 we have shifted the grading j + k of [T(j),T(k)] by a
suitable factor of N to recover the range as defined in (5.4). The integrability condition
reduces to
−N2(1− δj+k≥N)δj+k>N = 0, (5.7)
which is a true statement. Hence the maps Σ± generate a Lax connection as expected.
Its form agrees with the results in [3]
A(λ) =
N−1∑
k=0
e−kλJ+(k) +
N−1∑
k=0
ekλJ−(N−k). (5.8)
Z4 Symmetric Superspace Model. Next let us consider symmetric superspace mod-
els with Z4 symmetry [7].5 These models are not in the above class of ZN -coset spaces.
What makes them interesting is that some of their equations of motion are constraints.
When used in the context of supersymmetric string theory, these constraints are related
to kappa symmetry, i.e. local supersymmetry on the worldsheet.
Their action generalises the action of symmetric space sigma models as follows
S = −
∫
tr J+(2) ∧ J−(2) − 12
∫
tr J+(1) ∧ J−(3) + 12
∫
tr J+(3) ∧ J−(1). (5.9)
The resulting Maurer–Cartan equations together with the equations of motion (2.10) read
in chiral form
0 = dJ(0) +
1
2
[J(0), J(0)] + [J(1), J(3)] +
1
2
[J(2), J(2)],
0 = dJ(1) + [J(1), J(0)] + [J(3), J(2)],
0 = dJ+(2) + [J
+
(2), J(0)] +
1
2
[J(1), J(1)],
0 = dJ−(2) + [J
−
(2), J(0)] +
1
2
[J(3), J(3)],
0 = dJ(3) + [J(3), J(0)] + [J(1), J(2)]. (5.10)
5Supersymmetry is in fact dispensable for our treatment. We can safely treat the model as a bosonic
Z4-coset model with constraints.
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Note that there are no equations of motion for the odd components of J . Their equations
are replaced by the two constraints
[J+(2), J(1)] = [J
−
(2), J(3)] = 0. (5.11)
From the action (5.9) or from the equations of motion (5.10) we can straight-forwardly
read off the map Σ±
Σ±(T(0)) = 0, Σ±(T(1)) = −T(1), Σ±(T(2)) = ∓2T(2), Σ±(T(3)) = T(3).
(5.12)
By exponentiation one obtains the model’s Lax connection (2.11)
A(λ) = e−2λJ+(2) + e
−λJ(1) + J(0) + eλJ(3) + e2λJ−(2), (5.13)
and it is easy to verify flatness using the above equations of motion and constraints.
Let us nevertheless consider the integrability condition (4.17) in detail, to see how the
constraints work. The matrices Σ± act as factors on the generators T(k)
k 0 1 2 3
Σ+(k) 0 −1 −2 +1
Σ−(k) 0 −1 +2 +1
(5.14)
First of all, we compute the eigenvalues of Σ+1 + Σ
−
2 − σ±0 on [T(k),T(j)]. The result
Σ+(k) +Σ
−
(j) −Σ−(k+j) is displayed in the following tables
j\k 0 1 2 3
1 0 0 −4 0
2 +4 0 0 +4
3 0 0 0 +4
0 0 0 0 0
j\k 0 1 2 3
1 0 −4 −4 0
2 0 0 0 +4
3 0 0 0 0
0 0 0 −4 0
(5.15)
We observe that many terms have cancelled right away. Next we multiply the two tables,
element by element. Only two terms survive: 16 at (j, k) = (1, 2) and (j, k) = (2, 3).
These correspond to the constraints (5.11). More formally, we can multiply the above
matrices (5.15) by the projectors Π1 and Π3 defined through their eigenvalues
k 0 1 2 3
Π1(k) 0 1 0 0
Π3(k) 0 0 0 1
(5.16)
both of which annihilate the combination Σ+−Σ−. The resulting matrices have non-zero
entries only at the positions of the constraints (j, k) = (1, 2) and (j, k) = (2, 3), such that
the integrability constraint (4.17) is satisfied.
Principal Chiral Model. The principal chiral model is a sigma model on the Lie group
manifold G [8]. The action has two terms
S =
β
2
∫
tr J ∧ ∗J − α
3
∫
3
tr J ∧ J ∧ J. (5.17)
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The resulting equations of motion for J read
dJ + J ∧ J = 0, βd∗J + αJ ∧ J = 0 or dJ± + β ± α
2β
[J+, J−] = 0. (5.18)
This model is integrable for all choices of parameters β, α and the following connection is
flat for all λ
A(λ) =
1
2β
(
β − α + (β + α)eλ) J+ + 1
2β
(
β + α + (β − α)e−λ) J−. (5.19)
Now we can try to apply our formula (4.3) to reproduce this connection. According
to (4.22) we should set Σ± = α± β. For generic α, β the condition (4.17) reduces to
(α + β)(α− β) = 0. (5.20)
The solution α = ±β corresponds to the Wess–Zumino–Novikov–Witten model [9],6 and
our formula (4.3), A(λ) = e±2βλJ± + J∓, reproduces (5.19), up to a rescaling of λ by 2β.
An alternative solution of our equation requires the presence of constraints. Here this
is achieved by setting β = 0, where the equation of motion turns into the constraint
dJ = J ∧ J = 0. The condition (4.17) reduces to (α−Π)α = 0 where according to (4.15)
Π is basically an unconstrained number, i.e. Π = α. Our Lax connection (4.3) reads
A(λ) = eαλJ which is indeed flat subject to the constraint. The general solution (5.19)
on the other hand is singular at β = 0. In any case, the constraint presumably makes this
model rather uninteresting.
We have thus found an integrable model with a Lax connection which is not of the
proposed form (4.3). This is not surprising because (5.19) contains terms proportional to
eλ, e−λ as well as 1 = e0λ. According to (4.3) there can be only two different exponents
as Σ± acts as a number in this case.
Nevertheless, it is surprising to see that the case α = 0 is not covered by our formula.
It is equivalent to a sigma model on the symmetric space G = (G × G)/G for which
our formulation certainly applies using the map (3.2). Here the deficit is due to the
gauge fixing that eliminates one of the two numerator groups. This gauge fixing does not
commutes with our map Σ.
To undo the gauge fixing, set
g = g1g
−1
2 , J = g2(J1 − J2)g−12 . (5.21)
We can substitute this into the above action to obtain
S =
β
2
∫
tr(J1−J2)∧∗(J1−J2)− α
3
∫
tr J1∧J2− α
3
∫
3
tr J1∧J1∧J1 + α
3
∫
3
tr J2∧J2∧J2
(5.22)
Also the equations of motion follow by substitution
1
2
βd∗(J1 − J2) + 12β[J2, ∗(J1 − J2)] + 14α[J1 − J2, J1 − J2] = 0, (5.23)
and the Maurer–Cartan equations read by construction dJ1 +J1∧J1 = dJ2 +J2∧J2 = 0.
To bring these into the framework of symmetric spaces, use the Lie algebra g⊕ g and set
J = (J1, J2) where the Z2-automorphism exchanges the two Lie algebras. In fact this case
6This result has been obtained earlier in discussions with T. Bargheer and M. Magro.
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of a symmetric space is special because the the direct sum of two gauge algebras allows
for two individual Wess–Zumino coefficients α1, α2. If chosen with opposite prefactors
α1 = −α2 = α, invariance under the denominator group can be recovered.
A (g⊕ g)-valued Lax connection can now be written in the form
A(λ) = J + (eλ − 1)Σ+J+ − (e−λ − 1)Σ−J−, (5.24)
where Σ± are operators acting on g⊕ g as the 2× 2 matrix
Σ± =
1
2β
(
α± β −α∓ β
α∓ β −α± β
)
. (5.25)
The matrices are projectors, (Σ±)2 = ±Σ±, and therefore they exponentiate according
to the rule
exp(λΣ±) = 1± (e±λ − 1)Σ±. (5.26)
Hence, the (g⊕g)-valued Lax connection for the principal chiral model is indeed given by
our formula (4.3). The algebraic form of the flatness condition (4.17) is satisfied (for any
choice of Π). Furthermore, the form of Σ± agrees with (4.22) obtained from the action.
In other words, our framework also fully applies to the principal chiral model as long as
a formulation with (g⊕ g)-valued connections is chosen. We would like to point out that
similar complications with the original, gauge-fixed formulation have been encountered in
several other studies.
General Z2-Models. Our framework allows to scan for integrable models. Let us
consider a class of models where the Maurer–Cartan is split up according to a Z2-
automorphism of G. The most general action uses three constants α, β, γ:
S =
β
2
∫
tr J(0) ∧ ∗J(0) + γ
2
∫
tr J(1) ∧ ∗J(1) − α
3
∫
tr J ∧ J ∧ J. (5.27)
The eigenvalues of the map Σ± can be read off from (4.22)
Σ+(0) = +β + α, Σ
−
(0) = −β + α, Σ+(1) = +γ + α, Σ−(1) = −γ + α. (5.28)
The corresponding equations of motion take the form
0 = dJ+(0) + dJ
−
(0) + [J
+
(0), J
−
(0)] + [J
+
(1), J
−
(1)],
0 = dJ+(1) + dJ
−
(1) + [J
+
(0), J
−
(1)] + [J
+
(1), J
−
(0)],
0 = β(dJ+(0) − dJ−(0)) + α[J+(0), J−(0)] + α[J+(1), J−(1)],
0 = γ(dJ+(1) − dJ−(1)) + (γ − β + α)[J+(1), J−(0)] + (β − γ + α)[J+(0), J−(1)]. (5.29)
Putting everything together, the integrability constraint (4.17) reads
(α− β)(α+ β)− pi0α = (α+ 2γ− β − pi1)(α− β) = (α+ β)(α+ β − 2γ− pi1) = 0 (5.30)
Here the constants pi0 and pi1 are related to the appearance of constraints: The first can
be nonzero, pi0 6= 0, only if β = 0; the second can be nonzero, pi1 6= 0, only if γ = 0. We
should therefore distinguish the various cases.
If we allow no constraints, the integrability constraint requires β = γ = ±α. These are
the parameters for the principal chiral model which is discussed above. The same applies
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to the case β = γ = 0. For β = 0 we must set α = 0 which is the standard symmetric
space model treated above.
For γ = 0 we must set β = ±α. In the case of β = α, the equations of motion read
0 = dJ(1) + [J
−
(0), J(1)] = [J
+
(0), J(1)],
0 = dJ+(0) + [J
+
(0), J
−
(0)] + [J
+
(1), J
−
(1)] = dJ
−
(0). (5.31)
The corresponding Lax connection is indeed flat
A(λ) = e2λJ+(0) + J
−
(0) + e
λJ(1). (5.32)
We have thus found one non-standard model in this class.
D = 2, N = 16 Supergravity. Gravity theories dimensionally reduced to two di-
mensions take a form similar to sigma models. Moreover there are many interesting cases
where the model is integrable due to the appearance of an infinite-dimensional symme-
try algebra as in [10]. Let us discuss the case of maximal N = 16 supersymmetry in
two dimensions. It can be viewed as an E8/SO(16) coset model coupled to fermionic
matter, and a Lax connection was constructed in [11]. The coset model is based on a
standard Z2 symmetric space, but it is interesting to see whether our construction of the
Lax connection can also be applied in the presence of matter.
We start with the Lax connection in chiral form given in [12]
A±(λ) = Q± ± i
2
(e∓2λ − 1)(8ψ±2 · ψ± ± χ± · χ±)− 2i(e∓2λ − 1)2ψ±2 · ψ±2
+ e∓λP± ∓ ie∓λ(e∓2λ − 1)ψ±2 · χ± (5.33)
We have substituted the spectral parameter γ = (eλ−1)/(eλ+1). The fields Q and P are
the grading 0 and 1 components of the standard Maurer–Cartan forms for the E8/SO(16)
coset. Furthermore, there are fermionic fields ψ, ψ2 and χ which we do not need to define
in detail here. Two such fields can be combined into an e8-valued form; again we will not
make this precise, but refer to the exact expression given in [12].
We observe that the Lax connection is again a Laurent polynomial in eλ, and it is
conceivable that it is generated by our exponential construction (3.1). This is indeed the
case, if we define our map Σ to act as follows
Σ(Q±) = ∓iχ± · χ± − 8iψ±2 · ψ±,
Σ(P±) = ∓P± + 2iψ±2 · χ±,
Σ(ψ±) = 2ψ±2 ,
Σ(χ±) = ∓χ±,
Σ(ψ±2 ) = ∓2ψ±2 . (5.34)
Several comments are in order. Here the map does not simply act on the algebra e8, which
is quite obvious in the presence of matter. It would be interesting to see how the action
can now be formalised, perhaps by enhancing the algebra. Secondly, the fermions appear
quadratically in the Lax connection itself. We should note that the map acts according
to the Leibniz rule on products of fields: Σ(A · B) = Σ(A) · B + A · Σ(B). Finally, the
spectral parameter λ is position-dependant, its derivatives are related to the dilaton field.
This feature appears to be no obstacle for our construction.
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6 Shift Operator
At the end we can contemplate about the meaning of the operator Σ. Consider A(λ+λ′),
and split up the exponent in (3.1) in different ways to obtain the relation
A(λ+ λ′) = exp(λ′Σ) ◦ A(λ). (6.1)
The operator exp(λ′Σ) thus shifts the parameter λ by λ′. The operator Σ itself corre-
sponds to an infinitesimal shift
∂
∂λ
A(λ) = Σ ◦ A(λ). (6.2)
We can view this as a differential equation for the Lax connection. Although the derivative
of A(λ) can certainly be expressed in some way, it is very remarkable that it is given by
a λ-independent linear operator acting on A(λ).
It is also useful to consider the following point of view: A(λ) can be viewed as an
element of the loop algebra g[eλ, e−λ]. In this picture ∂/∂λ is the derivation of the loop
algebra, and the operator Σ is equivalent to it.
7 Conclusions and Outlook
The integrable structure of two-dimensional relativistic sigma models on coset spaces can
be formulated in terms of a Lax connection A(λ). In this paper we have proposed a
construction for this one-parameter family of flat connections via exponentiating a simple
linear operator Σ acting on the Maurer–Cartan form J of the model, A(λ) = exp(λΣ)J .
We have derived a quadratic constraint that this operator must satisfy such that the
Lax connection is flat. Furthermore, the operator can be related directly to the action
and to the equations of motion. In that sense, our construction can be viewed as an
immediate integrability test for coset models. We can also turn the logic around, and use
the construction to scan for integrable sigma models by enumerating suitable operators
Σ. The action, equations of motion as well as the Lax connection all follow from the
operator Σ.
We have tested our construction for a large class of models including symmetric (su-
per)space models, ZN -coset models, principal chiral models as well as (super)gravity mod-
els. It applies to all of these models, but for the principal chiral model it is restricted
to a coset space formulation. However, there are also integrable sigma models where the
construction does not seem to apply at all. For example, a sigma model on a squashed
sphere was shown to be integrable [13]. This model has two dual formulations of a Lax
connection. One of them is equivalent to the principal chiral model, but in a gauge-fixed
formulation to which our construction does not apply. The other one turns out to require
at least four singular points in the spectral parameter plane. Conversely, our construction
can only generate poles at two points, namely z = eλ = 0,∞. Hence our proposal does
not apply to the sigma model on the squashed sphere. This model can be viewed as a
trigonometric integrable model in analogy to the XXZ Heisenberg spin chain. The mod-
els which we have successfully tested are more reminiscent of rational integrable models
analogous to the XXX chain. Therefore our construction most likely only applies to inte-
grable models of rational kind, but not of trigonometric kind. It would be interesting to
see if and how the construction can be generalised to trigonometric models. Relativistic
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invariance would be another requirement that can be relaxed. In this case, we expect that
our construction can still be made to apply.
Here we have only investigated the Lagrangian framework of the sigma models. Con-
cerning algebraic questions and quantisation it would be desirable to establish our con-
struction in the Hamiltonian framework. In fact, the operator Σ directly determines the
Lagrangian, hence the Poisson structure follows from it. A logical next step would be to
derive the algebra of monodromy matrices which is usually governed by a pair of (r,s)-
matrices [14]. Our expectation would be that they can also be formulated reasonably
simply in terms of the operator Σ.
Ultimately we would like to understand the deeper meaning of the operator Σ. How
is it related to the algebraic formulation of integrability? The role as a shift operator for
the spectral parameter λ might be a first clue.
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